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Rigorous Quantum Formulation of Parity-Time Symmetric Coupled
Resonators
Shaolin Liao*, 1 and Lu Ou2
Abstract—Rigorous quantum formulation of the Parity-Time (PT) symmetry phenomenon in the
RF/microwave regime for a coupled coil resonators with lump elements has been presented. The coil
resonator is described by the lump-element model that consists of an inductor (L), a resistor (R) and
a capacitor (C). Rigorous quantum Hamiltonian for the coupled LRC coil resonators system has been
derived through twice basis transforms of the original basis. The first basis transform rotates the original
basis such that off-diagonal terms of the governing matrix of the equation system of the coupled coil
resonators reduces to constants. Then a second basis transform obtains the quantum Hamiltonian,
including the diagonal effective complex frequencies and the off-diagonal coupling terms, together with
the transformed basis. With the obtain quantum Hamiltonian, the eigenvalues and eigenvectors of
the coupled coil resonators can be obtained as usual as the quantum Hamiltonian. Finally, numerical
simulation verifies the correctness of the theory. The quantum formulation of the coupled coil resonators
can provide better guideline to design a better PT-symmetric system.
1. INTRODUCTION
Parity-Time (PT) symmetry has shown great potential as ultra-sensitive sensors [1, 2], Wireless Power
Transfer (WPT [3, 4]), gain/loss controlled lasers [5] and absorber [6], in both the photonics [7, 8] and
microwave [9] regimes. PT symmetry is a physics phenomenon that originates from the quantum
community: it was first proposed in quantum mechanics by Bender and Boettcher in 1998 [10].
Counterintuitively, it is argued that real eigenfequencies exist even for a non-Hermitian Hamiltonian
when a quantum system is invariant under operations of spatial reflection P(x) and time reversal T (t)
operations. The existence of PT-symmetric quantum system has not been experimentally demonstrated
due to the difficulty of generating the non-Hermitian quantum system. However, gain and loss
can be readily introduced in photonics [11, 12, 13, 14, 15, 16, 17, 18]. So PT symmetry can be
introduced by designing the proper gain-loss profile so that the PT symmetry phenomenon happens.
Following the pioneering theoretical work by El-Ganainy et al.[19], the feasibility of translating this
quantum-inspired symmetry to the optics regime has been demonstrated in a various contributions
and, specifically, in coupled optical structures [20, 21, 22, 23, 24, 25]. Later, it has been also
demonstrated in the electromagnetic and acoustic systems [26, 27], whose governing Helmholtz equation
[28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42, 43, 44, 45] is similar to the Schro¨dinger equation
in the quantum physics. These PT-symmetric wave systems are usually realized by introducing spatial
distribution of balanced gain-loss profiles.
In particular, RF and microwave frequencies, a PT-symmetric system can be readily realized with
transmission-line networks or lumped-element circuits [46, 47, 48, 49]. However, most of the works
above take the quantum Hamiltonian as granted, assuming that the diagonal natural frequencies are
the resonant frequencies of the coupled coil resonators and the off-diagonal coupling terms are known.
Also, it generally assumes that the basis of the quantum Hamiltonian consists of stored energies in the
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coupled coil resonators, but no clear formula exists. In this paper, rigorous quantum formulation has
been derived and all of these will be clear, providing guideline to design a better coupled coil resonators
and its system [1, 50, 51].
2. THE COUPLED LRC COIL RESONATORS
A resonant coil can be modeled as a LRC tank that consists of 3 components in parallel: a inductor
with inductance L, a capacitor with capacitance C and a resistor R.
2.1. The Governing Equations System
When a pair of LRC resonant tanks are brought close to each other, they are coupled together through
magnetic flux of the two inductive coils, which can be characterized by the mutual inductance M . The
coupled resonant coils can be analyzed by the physical quantities of currents i1/i2 and voltages v1/v2
through the indicators of the two coupled coil resonators,
v1 = L1
di1
dt
+M
di2
dt
, v2 = L2
di2
dt
+M
di1
dt
. (1)
The Kirchhoff Current Law (KCL) connects the currents through the inductor with inductance L,
the capacitor with capacitance C and the resistor with conductance G as follows,
i1 + C1
dv1
dt
+G1v1 = 0, i2 + C2
dv2
dt
+G2v2 = 0. (2)
Taking Fourier transforms on Eq. (1) and Eq. (2), after some mathematics, the following are
obtained, (−ω2
ω21
+
jω
α1
+ 1
)
v1(ω) +
(−ω2
κ22
+
jω
γ2
)
v2(ω) = 0 (3)(−ω2
ω22
+
jω
α2
+ 1
)
v2(ω) +
(−ω2
κ21
+
jω
γ1
)
v1(ω) = 0,
with
ω1 =
1√
L1C1
, α1 =
1
L1G1
, κ1 =
1√
MC1
, γ1 =
1
MG1
,
ω2 =
1√
L2C2
, α2 =
1
L2G2
, κ2 =
1√
MC2
, γ2 =
1
MG2
.
Eq. (3) can be normalized by scaling the frequency ω˜ = ω/ω1 as follows,(
−ω˜2 + jω˜
α˜1
+ 1
)
v1(ω˜) +
(−ω˜2
κ˜22
+
jω˜
γ˜2
)
v2(ω˜) = 0, (4)(−ω˜2
ω˜22
+
jω˜
α˜2
+ 1
)
v2(ω˜) +
(−ω˜2
κ˜21
+
jω˜
γ˜1
)
v1(ω˜) = 0,
with
α˜1 =
1
G˜1
, κ˜1 =
1√
M˜
, γ1 =
1
M˜G˜1
,
ω˜2 =
1√
L˜2C˜2
, α˜2 =
1
L˜2G˜2
, κ˜2 =
1√
M˜C˜2
, γ2 =
1
M˜G˜2
,
and the normalized quantities defined below,
G˜1 =
√
L1
C1
G1, M˜ =
M
L1
,
L˜2 =
L2
L1
, C˜2 =
C2
C1
, G˜2 =
√
L1
C1
G2.
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In terms of matrix form,Eq. (4) can be expressed as follows,
M(ω˜)
[
v1(ω˜)
v2(ω˜)
]
= 0, (5)
with
M(ω˜) =
[−ω˜2 + jω˜α˜1 + 1 −ω˜2κ˜22 + jω˜γ˜2−ω˜2
κ˜21
+ jω˜γ˜1
−ω˜2
ω˜22
+ jω˜α˜2 + 1
]
.
2.2. The Hamiltonian of the Coupled LRC Coil Resonators
From Eq. (5), it can be seen that matrix equations contains second order frequency components. To
cast the matrix equation into the Hamiltonian of a coupled resonators, two times of changes of basis
are required.
During the first basis change, M(ω˜) is transformed such that the diagonal terms are reduced to
zeros and the following transformation matrix T 1 is given below,
T 1 =
[
L2 −M
−M L1
]
. (6)
Then a second change of basis is performed with the transformation matrix T 2 and the Hamiltonian
equations of the coupled resonators can be expressed as follows,
T 1M(ω˜)
[
v1(ω˜)
v2(ω˜)
]
=
[
ω˜I −H(ω˜)
]
T 2
[
v1(ω˜)
v2(ω˜)
]
= 0, (7)
where I is the unit matrix and
H(ω˜) =
[
Ω˜1 κ1,2
κ2,1 Ω˜2
]
, (8)
and the following transformation matrix,
T 2 =
[
ω˜ − Ω˜′1 κ′1,2
κ′2,1 ω˜ − Ω˜′2
]
. (9)
Substituting Eq. (9) into Eq. (7), the following is obtained,
T 1M(ω˜) =
[
ω˜I −H(ω˜)
]
T 2, (10)
from which all the unknown parameters can be solved.
2.3. The Eigenvalues and Eigenvectors
With the obtained Hamiltonian H, the eigenvalues of the coupled resonant coils are given by,
Ω˜± =
Ω˜1 + Ω˜2
2
±
√√√√κ12κ21 +( Ω˜1 − Ω˜2
2
)2
, (11)
and the corresponding eigenvectors are as follows,
v± =
[
κ12
Ω˜± − Ω˜1
, 1
]T
. (12)
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2.4. Solutions of the Hamiltonian
The solution of the Hamiltonian H and the corresponding basis transform matrix U can be obtained
by solving Eq. (10), which are shown as follows,
Ω˜±1 = j
G1
2
± Ω˜
(
Ω˜±2
)
, (13)
with {[
Ω˜
(
Ω˜±2
)]2 − Γ2}{[Ω˜± (Ω˜±2 )]2 − Γ′2}+M2 = 0,
and the following parameters,
Ω˜
(
Ω˜±2
)
=
√(
Ω˜±2 − j
G2
2C2
)2
+ (Γ2 − Λ2),
Ω˜±
(
Ω˜±2
)
= Ω˜±2 ± Ω˜
(
Ω˜±2
)
− j G2
2C2
,
Λ =
1
2C2
√
4C2 −G22L2 +G22M2
L2 −M2
Γ =
1
2
√
4L2 −G21L2 +G21M2
L2 −M2 , Γ
′ = j
(
G2
2C2
− G1
2
)
.
Also, the coupling terms κ12 and κ21 are obtained as follows,
κ12 =
M
−jG2C2 + Ω˜1 + Ω˜2
;κ21 =
Γ2 −
(
Ω˜1 − jG12
)2
κ12
. (14)
Finally, other parameters such as Ω˜′1, Ω˜′2, κ′12, κ′21 of the transformation matrix T 2 can be obtained
accordingly.
Ω˜′±1 = jG1 − Ω˜±1 , Ω˜′±2 =
C2M
jG2 − C2Ω˜±1 − C2Ω˜±2
, (15)
κ′12 = c3Ω˜
±3
1 + c2Ω˜
±2
1 + c1Ω˜
±
1 + c0, κ
′
21 = Ω˜
±
2 − j
G2
C2
,
with
c1 =
jG1Ω˜
±
2
M
+
L2
M(L2 −M2) +
G1G2
C2M
,
c2 = − Ω˜
±
2
M
+ j
(
G1
M
+
G2
C2M
)
,
c3 = − 1
M
, c0 = L2
C2Ω˜
±
2 − jG2
C2M(L2 −M2) .
3. DISCUSSION
Analytical solutions exists for some special cases. Also, the Hamiltonian can be normalized to give unit
frequency of one coil resonator, i.e., ω1 = 1.
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3.1. Identical Resonant Frequencies and Decay Rates
When the two resonant coils have identical resonant frequencies and decay rates, the following are
satisfied,
ω1 =
1√
L1C1
= ω2 =
1√
L2C2
; τ1 =
G1
C1
= τ2 =
G2
C2
,
from which the Eq. (13) has the following four solutions,
Ω˜1 = Ω˜2 = ±
√
Γ2 ±√−M2 + Γ4√
2
+ j
G1
2
.
3.2. Parity-Time Symmetry
When the loss and gain of the resonant coils balance each other, the following are satisfied,
ω1 =
1√
L1C1
= ω2 =
1√
L2C2
; τ1 =
G1
C1
= τ2 = −G2
C2
,
from which the Eq. (13) has the following six solutions,
Ω˜1 = −Ω˜2 = j
(
G1
2
±
√
M2 −G21Γ2
G1
)
, (16)
and
Ω˜1 = Ω˜2 + jG1,
Ω˜2 = ±
√
Γ2 − G214 ±
√
−M2 +
(
Γ2 +
G21
4
)2
√
2
− jG1
2
.
3.3. Identical Lossless Resonators Frequencies
When the two resonant coils have identical resonant frequencies and lossless,
ω1 =
1√
L1C1
= ω2 =
1√
L2C2
; G1 = G2 = 0,
and the following solutions are obtained,
Ω˜1 = Ω˜2 = ±
√
L2 ±
√
L22 −M2(M2 − L2)2
2(L2 −M2) , (17)
and
κ12 = κ21 =
M
2Ω˜1
,
which gives the the eigenvalues and eigenvectors according to Eq. (11) and Eq. (12) as follows,
Ω˜± = Ω˜1 ± κ12, v± = [±1, 1]T , (18)
agreeing with symmetric/anti-symmetric eigenmodes due to the off-diagonal coupling.
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Figure 1. Simulation result for the coupled coil resonators pair with identical resonant frequencies and
decay rates: a) the real part of the mean of the two eigenfrequencies; b) the imaginary part of the mean
of the two eigenfrequencies; c) the deviation of the real part of eigenfrequency #1 from the real part of
the eigenfrequency mean; and d) the deviation of the real part of eigenfrequency #2 from the real part
of the eigenfrequency mean.
4. SIMULATION RESULTS
Numerical simulation has been performed to confirm the correctness of the quantum formulation.
Simulation results of two typical cases are shown here: 1) identical resonant frequencies and decay
rates case as shown in Section 3.1; and 2) PT symmetry case as shown in Section 3.2.
Fig. 1 shows the surface and contours plots for case 1) with ω1 = 1/
√
L1C1 = ω2 = 1/
√
L2C2 = 1
and G1 = G2: a) real part of the mean of the two eigenfrequencies, i.e., <{Ω˜} = (<{Ω˜+}+ <{Ω˜−)/2};
b) imaginary part of the mean of the two eigenfrequencies, i.e., ={Ω˜} = (={Ω˜+} + ={Ω˜−)/2}; c)
deviation of real part of one eigenfrequency from the real part of the two eigenfrequencies’ mean, i.e.,
<{Ω˜+} − <{Ω˜}; and c) deviation of real part of the other eigenfrequency from the real part of the two
eigenfrequencies’ mean, i.e., <{Ω˜−} −<{Ω˜}. Fig. 1a) shows that the two eigenfrequencies’ mean value
increases for an increasing coupling coefficient M . Also, Fig. 1b) shows an increasing imaginary part
of the mean eigenfrequency when the losses of the coil resonators G1 = G2 increase. Note that the
imaginary parts of the two eigenfrequencies are identical due to symmetry. Finally, Fig. 1c) Fig. 1d)
show the deviation of the real parts of the two eigenfrequencies from that of the eigenfrequency mean:
it is clear that the deviations are anti-symmetric due to symmetry and repelling coupling effect.
Fig. 2 shows the surface and contour plots for PT-symmetry case 2) with ω1 = 1/
√
L1C1 = ω2 =
1/
√
L2C2 = 1 and G1 = −G2: a) deviation of the real part of the eigenfrequency #1 from that of the
eigenfrequency mean, i.e., <{Ω˜+}−<{Ω˜}; and b) deviation of the imaginary part of the eigenfrequency
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Figure 2. Simulation result for the PT-symmetric coupled resonator pair with balanced gain and loss:
a) the deviation of the real part of eigenfrequency #1 from the eigenfrequency mean; b) the deviation
of the imaginary part of eigenfrequency #1 from the eigenfrequency mean; c) the deviation of the real
part of eigenfrequency #2 from the eigenfrequency mean; d) the deviation of the imaginary part of
eigenfrequency #2 from the eigenfrequency mean.
#1 from that of the eigenfrequency mean, i.e., ={Ω˜+} − ={Ω˜}; c) deviation of the real part of the
eigenfrequency #2 from that of the eigenfrequency mean, i.e., <{Ω˜−} − <{Ω˜}; and d) deviation of the
imaginary part of the eigenfrequency #2 from that of the eigenfrequency mean, i.e., ={Ω˜−} − ={Ω˜}.
Comparing Fig. 2a) to Fig. 2c), and Fig. 2b) to Fig. 2d), it is clear that the deviation of both the
real part and imaginary part of the eigenfrequencies are anti-symmetric, due to the anti-symmetry of
the PT-symmetric gain/loss profile. What’s more important, Fig. 2a) to Fig. 2d) clearly show the
evolution of the real eigenfrequencies to the imaginary eigenfrequencies when the gain/loss G1 = −G2
becomes larger than the coupling coefficient M , confirming the Exception Points (EPs) of the PT-
symmetric system. At last, when the gain/loss is large enough, no real eigenfrequencies exist for such
non-Hermitian Hamiltonian system.
5. CONCLUSION
Quantum formulation of the PT symmetric coupled LRC coil resonators system has been derived.
Starting from the governing equation system, two basis transforms are performed to transform the
second order frequencies equations system in the frequency domain to a quantum Hamiltonian and the
corresponding new basis. The first basis transform is to make off-diagonal terms of the equations system
to be constant values that contain no frequency term. Then a second basis transform is performed
to obtain the quantum Hamiltonian with the off-diagonal effective complex frequencies and the off-
diagonal coupling terms, together with the new basis that denotes the coupled quantum states. With
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the obtained quantum Hamiltonian, eigenvalues and the corresponding eigenvectors can be obtained
as usual. Finally, numerical simulation confirms the correctness of the theory. It is expected that the
quantum formulation of the coupled coil resonators provide helpful insight and guideline for the PT
symmetric RF/microwave resonators and systems.
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